ALGEBRAS OF FUNCTIONS WITH 
FOURIER TRANSFORMS IN 

P 


By 

ASHOK KUMAR GUPTA 



DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 

AUGUST 1975 


ALGEBRAS OF FUNCTIONS WITH 
FOURIER TRANSFORMS IN Lp 


A Thesis Submitted 

Iff! Partial Fulfilment of the Requirements 
for the Degree of 

DOCTOR OF PHILOSOPH/ 


By 

ASHOK KUMAR GUPTA 


to the 


DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 


AUGUST 1975 







CERTIFICATE 


This is to certify ihxt ihe work embodied in the 
thesis "Algebras of functions with Fourier transforms in 
L " by Ashdk Kumar Gupta has been carried out under my 

c 

supervision and has not been submitted elsewhere for 
a degree, 

August - 1975 [ 

Assistant Professor- . 
Department of Mathematics --' 

Indian Institute of Technology, Kanpur 


U.B, TEWARI ] 


" PO-'' I' GRADli.VrE OFFICE 
This thesis has been Hp',iro''ed 
for th-' - A'artl of the Degree of | 

I Doc’. ' -I rhihisopiiy (Ph.O.) | 

i in ai' .t--ncc with the j 

I fcgulntioiis ot the Indian 
1 Institute ofTcchaoiogy ‘vanpur 
I Dated: 0{\ph (> 



ACKNOWLEDGEMENTS 


I am deeply indebted to Dr. U,B, Tewaxn foT his 
inspiring guidance and constructive criticism^ 


My sincere ihanks are due to K, Parthasaratky who 
read the entire manuscript and made valuable suggestions, 

I an also thankful to Mr, S,K, Tewari for cutting 
stencils and Mr, Shyan Kumar for ayclostyling them. 



-"^‘'C-ASHOk"KIWAR GUPTA ] 


August - 1975 


OOMMTS 


CHAPTER 

CHAPTER 


CHAPTER 

CHAPTER 


CHAPTER 


I ; IHTEODUCTIOH 


1 


II : PREIIMIN ARIES AND BASIC RESQLTS 7 


2.1 Notations 7 

2.2 : Segal algobi^s 10 

2.3 ! Miltipliers between spaces 13 

2.4 ; Multipliers of type (U,v) 14 

2.5 : Open mapping theorem 18 


• III : PROPER PJCinSIWS IN A AICEBRAS 19 

P 

■IV : ON MULTIPLIERS PROM A (c) TO A (o) 

ALGEBRAS P 9 33 

4.1 : Proper inclusions in Ap-raultipliers 34 

4.2 : Multipliers from A (g) into A (g) algebras 38 

P 9 


4.3 : Restriction and extension problems for 

P 

• V : CONTINUOUS EDNCTICNS WITH I-SUMMABLE 
POURIER TRANSFORMS 


5.1 

5.2 


5.3 


5.4 

5.5 


Some basic results on algebras 

Multipliers between E (g) and E (g) 
algebras ^ ^ 

Restriction and extension of E (g) to 
E^( g) multipliers ^ 


Multipliers 

Multipliers 


between L^(g) 

betweoa A (g) 
P 


and E (g) 

^ V 

and B (g) 
<1 


46 

51 

52 

56 

58 

59 
61 

63 


REPiRENCES 



CHAPTER - I 


PSTTEODUCTICJN 

The work of Larsen, Liu and Wang {20] on algebras A (o) 

!P 

“) of integrable functions on (locally compact abelian 
group) 0 with Fourier transforms in L (r ) stimulated many 
mathematicians to investigate these algebras and their genera- 
lisations further j .namely, Eiga-Talamanca and Gaudiy [9] , Lai 
[21], £22] , Larsen [l6-20] , Bilartin and Yap [25] j Heiter [27] » 

Yap [32-35] ) Wang {31 ] and Buiiiham [l-3] . Most of the study 
has been to compare these algebras with group algebra L.^(g). 

These algebras are similar to group algebra in many ways, 

iuthoie of [20] showed that these algebras are commutative semi- 
simple Banach algebras and that their maximal ideal space can be 
identified with T, The characterisation of multipliers of Ap(G-)*s 
as mCo-) Yor noncompact C was asserted in [20] . Piga-Talamanca 
and Gaudiy prove the fact in [9] . 

It is well known that factorisation holds in group algebra 
L^(g), that is, L.^(&) * = L.j(g). Martin and Yap [25] - 

showed that factorisation does not hold in A^(g), So property 
of factorisation distinguishes these algebras from the group 
algebra. 

The ideal structure of algebras has been investigated 

in several papers, Larsen, Liu and Wang [20] showed that there 
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exists a one to me c03n?espon.dence between closed ideaJs of 
and L^(Gr), while Lai showed that such a correspmdence exists 
between closed primaiy ideals of Apes') and L|(s). 3h Martin 


and Yap [253 » however, it was proved that there exist maximal 

ideals in A (g) which are neither closed, primary ncr regular, 
P 

so the ideal structure of Ap(G) and Lj(g) are not completely 
identical. 


Ap(G) algebras are part of a wider class of algebras known 
as Segal algebras; see Reiter [27] • Mother generalisation of 
these algebras is given by Yap [34] ♦ 


Our interest in these algebras arose as a result of an 

attempt to prove the distinctness of A (g)'s for distinct p's, 

P 

in case G is nondiscrete. Later on, works of Piga-Talamanca and 
Gaudiy [9], [10] , Irice [26] and Saeki [29] concerning sraae problems 
on Lp -multipliers motivated us to solve some corresponding problems 
for A^-multipliers» 


The present thesis consists of five chapter, 


Li the second chapter we set our notations and state 
preliminary results. Basic definitions and well known results 
which are needed later are also accumulated. 


La Chapter III we show that if then 

(i) tJ A (g) is a dense linear subspace of category I 
1<p<q ^ 

in A (g), 

q 
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(il) The ideal generated by A (g) * A (g) is pTOperly 

contained in A (g). 

P 

(iii) The ideal generated by S(&) * I>p(G) is properly 

contained in Iip(G) provided G is infinite compact 

abelian and S(g) •ca L (r) for some Pq>0<Pq< . 

^0 

These results answer the questions raised by Larsen in ’B* and ’K’ 
of [18] . !Ehe result mentioned In (ii) is proved in a greater 
generality. We accomplish (i) by using structure of a nondiscrete 
locally compact abelian group and a form of open mapping theorem. 

And (ii) is accomplished by using an idea due to Burnham [l] and 
Wang I313 . 

We have divided Chapter I? into three sections, Ih. the 
first section we study analogues of the following results about 

1 -multipliers. Piga-Talamanca and Gaudry [9] have proved that 

P 

(r)Oc^(r) provided 1 ^ p < q ^2 and 
P q ° 

G is infinite. Price (26] has proved even stronger results, namely 

I ) M(l (g)) CfL-M(L (g)) D M(l (g)) 

1<q<p ^ ^ P "^15.2 ^ 

for 1 < p < 2, with the first inclusion remaining strict when 
p = 2 and second for p == 1 (similar results also hold for 

2 ^P )• To look for the analogues of these results for 
A (g) algebras, we see that M. (r) = m(g)* provided G is 

jP XX 

p 



4 


noncompact abelian and M (r) = c(r) previd-^d G is infinite 

A 

p 

compact abelian and 1 < p < 2. Therefore problem is Interesting 
only when 2 P ■< “ and G infinite compao'^ abelian. 3h Section 1 
of Chapter IV it is shown that if 2<q-^P‘^”» then 


(i) 

(r) 0 c^(r) 

(r),n Oo*''^ 


P 

q 

(ii) 

t_J (r) 

is of first categoiy in (r) 


2 <q <p P 

q 


A 

In Section 2 of Chapter IV we study ^ • 

^ A 

Por infinite compact abelian groups G between ) 

P 

and 15 .^ I.” obtained. The following are the main 

results of this section . 


(i) 

m/ (r) = 

p 

^pq/p-q^^^ 

1 < p < 2 



A 


(ii) 

^ / (r) 
pq/p-q 

P 


Moreover, 

^ / (r) 

pq/p-q 

is the largest 


contain ed in ( P ) . 

P 


1 <_ G £ 2 < p. 

)l^(r ) space 


(iii) Por saae values of p,q satisiy^S 2 <q <p<oo, 

A 

a . (r) need not be contained in M ^(l) . 

pq/p-q p 


In Section 3 of Chapter IV we study 
following results about I^-multipliers. 


an analogue of the 
Saeki [29] shows that 



5 


if r is a closed subgroup of r and ^ eMj^0O^O(r), then 
° P 

({»|p e (Pg) A c(r^). Conversely it is proved by Piga- 

o bp o o 

Talamanca and Gaudiy [lo3 that, if p = 1 or 2 or is a closed 

discrete subgroup of F, then, eve ly function iti (f^) /-O c(r^) 

P 

is the restriction of some function in (l^ (^ ) ) Pi g(F ), 

Since functions in (^) continuous, we have only to 

P 

consider (F) instead of (F)/''lc(r). Hh this section we 
P P 

show the following for 1 P>q. • 


(i) If Gr is noncompact abelian, then M„ (r)lp = (f^) , 

P ° P 

mless F^ is a closed discrete subgroup of F, in 
which case M. (F)|p 3^. M (F ) 

A Aw 

p O p 


(ii) If G is an infinite compact abelian group, then 


P ° 



In Chapter Y we study the class E (g) of ccaatinuous functions 

P 

with p-summable Pourier transforms on infinite compact abelian groups 
G. Since Pourier transfom of eveiy function in c(g) is in 
therefore we may assume that 1 <_p 2. Por G = T, this class of 

piuWliLv - i^\ o 6 WV, 

functions has been studied by lynette £23] , £24] . In this chapter 

we show that E (g) is a Segal algebra. PUrthermore , results 
P 

proved in Chapters III and 17 about A (g) algebras are also proved 

P 

for E (g) algebras. Besides this, we have given some results 
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concenaing mltipliers between Ap(&) algebras 

1 <_p<<» , The main results are 

E 

(i) (r) = i (t) IIP 1.2 

p ^ 

E 

(ii) \,{n m/ <r) :^(J, (®))‘, 2 < p 

p -p p 

(We have assumed q. > 1 for proving the first proper inclusion in 
(ii) ). 


Einally, at appropriate places it is noted that most of the 
Insults proved in this thesis are valid for arbitraiy infinite 


compact groups 



CHAPIEE - II 


PEELIMIITAEIES MD BASIC RESULTS 

2.1 BTOTATICIIS : All the groups which we consider will be Hausdortf 
topological groups. These need not be abelian unless explicitly 
stated. Abelian groups will be written additively, Eweiy linear 
space considered will be over ^ , the field of complex numbers. 

Let G- be a locally compact group. !Eaen we shall use following 
notations. 

X for the left ife,ar measure on G . 

Por 0 <p‘<°’,i(g) is the space of all measurable functions 
P 

on G whose pth powers are integrable with respect to X • If 
1 ^p < CO, then IipC®-) is a Banach space with norm 

llfll = ( / |fP ax )’/P 

P G 

With convolution as multiplication L^ ( g) is a Banach algebra. 

stands for the Banach space of aH measurable functions 
cn G which are essentially bounded with respect to X , the norm 
of an element f £ being 

lifIL = ess sup I f (x) I 
X e G 

Por an index p(l<_p<“), p' is the index satisfying 
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The space of all bounded complex regular measures on G- is 
denoted by ffi(G). It is a Sanach algebra with convolution as product 
and norm 

llvll = U1 (&), 

lul being the total variation of y . 

We write the Banach space of all continuous complex 

valued functions on G vanishing at infinil^r with norm 

1 If ! \„ = sup I f(x)i 
X e G 

G (G) is the subspace of C (g) consisting of those functions having 

c u 

compact support. If G is compact then we shall write C (g) = 

c 

c^(g) = g(g). 

The translations f and f of a function f on G are defined 

X 

by = f(x V) snd f^Cy) = f(yx for every y e G. 

A Segal algebra on G (see definition 2,2.1 ) is denoted by s(g). 

For a closed (normal) subgroup H of G, is the mapping 

from 0 (g) into C (q/h) defined by 
c c 

IL(f ) (xH) = / f(xy) dy 

H 

where dy denotes the Haar integral on H, 

The dual group of a locally compact abelian group G is denoted 
by r and n stands for the Haar measure on r • liyhen V is discrete, 
we write ^p(r) for I<p(r). let c(r) denote the Banach algebra 
of all bounded continuous complex valued functions on r with point- 
wise operations and supremum norm. 
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Z denotes the dual object of an infinite compact group (see 

f 12, 27.3] ). I'or P-S-E, [P] is as in [12,27.35 3 . Por each a e Z , 

(a) 

select a fixed member U of a with representation space . let 

d„ be the (finite) dimension of H„, 6 (h^) the space of all bounded 

Idnear operators on and the identity operator on . 

a 

c(5; ) (z o Z ) stands for the cartesian product P 
° ° ceEq 

it is a algebra with scalar multiplicaticaa, addition, multiplicaticn 
and ad;]oint of an element defined oooidinatewise. 

We write 0^(2^) (l -^p •!.") for the space of those elements 
E = (E^) in c(2^) for which 

HeM =(I I* 1 <_p < «> 

^ oeZo 

||e| L = sup 0 e Z^} < » 

where the operator norms [j | [ are as defined in [12,(D.37),(E«36e)3 , 

<Pp 

' ■»' denotes the Fourier or the Pourier-Stieltjes transform, 
stands for the inverse Fourier or Fourier-Stieltj es transform. 

For the definitiai of algebras A (g), see (2.2.2(iv)). 

P 

The subalgebra (u e m( G) 1 u e L (r ) } of m(g) for a locally 

P 

compact abelian group G is denoted by Bp(G). For an arbitrary 

compact group G, the same definition holds with G (e) in place of 

P 

A 

It (r). If G is locally compact abelian B(r) = {ytp e M(G)} 

P 

Y 

For the definitions of multiplier spaces M(x,Y), Mj^(r)',Ii!^(z),M( 
MyXv), M^(2), [ £^,£^3 and the norm IMIgOf an element of Mg( r) 
see 2.3, 2.3.4 and 2.4.1. 
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Finally for any set, E,^ denotes the characteristic function 

of E. 

2.2 SEGAL ALGEBRAS 

DEPIH'ITIQN' 2.2.1 : Let G be an arbitraiy locally compact group. 

A linear subspace of 1^(&} is said to be a Segal algebra, and 
denoted by S(g), if it satisfies the following conditions. 

(i) S(g) is dense in I^(g). 

(ii) s(g) is a Banach space under some norm |1 11-,, 

O 

(2.1.1a) II^Mg lllfll^ for all f e S(g). 

(iii) S(g) is left invariant (f e S(g) ==> f e s(g) for all 

y 

y e O) and for each f e S(g) the mapping y f of G into 

y 

s(g) is continuous. 

(iv) The Segal norm is left invariant : 1 1 Ms ~ 11^ Us 

all f e s(g) and y e G. 

(ii) s^s only that S(g) is a Banach space, but it can be easily 
shovai that S(g) is, in fact, a Banach algebra under convoluticai. 
Also, it would be enou^ to require in place of (2.1.1a) the existence 
of a constant C such that 

llfll^ 1 c llfllg for all f e s(g) ; 

but the assumption C = 1 is no loss of generality: if C > 1, w 
can replace the given norm 11^1 Is equivalent norm C j |f 
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(this even works for S(G-) as a Banach algebra). On the other 
hand, if G is abelian, then (ii) can be replaced by the condition 
that S(g) be a Banach algebra imder the norm 1 1 l|g • 

2.2.2 ESLMPLES OB SEGAL AIGEBEAS 

(i) L^(g) itself is a Segal algebra . 

(ii) The continuous functions in L^(g) that vanish at " 

form a Segal algebra, the norm being defined by lulls = lUlL - lUlL. 

(iii) Eor 1 < p < the intersection I^(G)OLp(G) is a 
Segal algebra, with norm IUIIs= lUlli- lUIL. 

(iv) Let G be a locally compact abelian or an Infinite 

compact group and 1 p < «> , Then ■^p(®) = tf £ Ii^(g)| f £ ^ 

(or G (S))} is a Segal algebra with norm' 1 I f 1 1 » = 1 I ^ M . + 1 1 f 1 L* 

P -^p i. P 

(v) Let G = R (the group of real numbers). The functions 
f e L^(r) which are absolutely continuous and such that f’ (the 
derivative of f ) is integrable over R form a Segal algebra under 
the norm 1 U! Ig = 1 i fl 1 ^ + i If’i Ij. 

2.2.3 PROPERTIES OE SEGAL ALGEBRAS : 

(i) Any Segal algebra S(g) is a left ideal of 1 ^(g) and 

llh * fllg < llhll^ llfllg f e s(g), he I^(g). 

In particular, S(g) is a Banach algebra under || 1 fg . 
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(ii) Iiet 11 be a boundedj conplex measure on G. Then 
P* f is in S(g) for any f £ S(g) and 

IU*f|l2lllp|l liflls- 

(ili) Eveiy Segal algebra has multiple approximate left 
identity that have l^naoim 1. If G is abelian, then every 
Segal algebra on G has multiple approximate units of I^-norm 1 
and having a positive Fourier transform with compact support. 

The following theorems contain basic facts about Segal algebras 
on locally compact abelian groups. We state these without proofs ; 
for proofs we indicate the relevant references. 

THEOREM 2,2.4 J Every Segal algebra satisfies Wiener-Ditkin ’s 
condition, 

PROOF : See Yap [ 55 ] . The proof is also implicitifer contained 

in the book of Hewitt and Ross [12] . 

THEOREM '^.2.5 : Every Segal algebra is semisimple, regular and 

Tauberian. 

PROOF ; For semis implicity see Yap [55] j and for the other 
properties see Reiter [27] . 

THEOREM 2.2.6 : Every closed ideal Ig of S(g) is of the form 
Ig = I<ns(G) for a unique closed ideal I in 1 |(g), In fact, 

I is the closure of I„ in I^(g), 

U 1 



15 


PEOOP s See Reiter [27 ] 

2.3 MULTIPLIERS BETWEM SPACES : Let X and Y be translation 
invariant topological linear spaces of functions or measures defined 
on a locally compact abelian group G for which it is possible to 
define Eourier or Eourier-Stieltjes transforos* A continuous 
linear transformation T from X into Y is caled a multiplier 
if T comnutes with translations. Let T be a linear transfoimaticn 
from. X to Y. Suppose there exists a function (|) on F such that 
(Tf)'*'= ([) f for each f e X. Such a T commutes with translations 
and in many cases closed graph theorem implies that T is ccntinuous» 
Consequently, such a T would define amultiplier from X to Y* This 
will be the case for pairs of spaces considered by us. 

2.3.1 : The collection of all multipliers from X into Y 

will be denoted by m(x,y). The set of all functions (}i on r which 
define elements T a M(x,Y) in the above manner will be denoted by 
K^(r). We shall write M(x,x) - m(x) and !^(r)=M^(r). if q . 
is infinite compact then M(x,y) and are defined similarly* 

If X and Y are Segal algebras, then we have the following 
well known result, see for example [2] . 

THEORM 2*3.2 ; Let G be a locally compact abelian group and 
S^(G),i = 1,2 , be Segal algebras. Let T: S^(g) ■> SgCu) have 
this properly : T(f * g) = (Tf ) * g = f * Tg for all f,g e S^(g), 
then T e m(S^, Sg). 
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We shall now give equivalent definitions of T e m(S^,S 2 ). 

Por proof of equivalence, see Bumham [2] . 

THEOHEM ; 2.3.3 J lot G- he a locally compact abelian gioup, 
then the following are equivalent. 

(i) TeK(o^, S^) 

(ii) There is a unique continuous function (j) on r so that 
(iff = ({>f for all fe S^(g). 

(iii) T is a boiinded linear transfoimation from S^(g) into 
S^Cg) commuting with convolutions. 

®2 

2.3*4 : The norm of 4 e M_ (r) is defined as the corresponding 

operator norm of T e m(S^,S 2 ). If S^(g) = S 2 (g) or S^= L^(g), 
Sp 

then M„ (I) is a Banach algebra, with identity. If 4 o M:„(r), 
then norm of 4 £ Mg(r ) is denoted by 1 |4| 1 g» 

2,4 MJITIPIIERS OP TIPE (u,v) : Throughout the present section G 

will denote an infinite compact abelian group and F its dual group. 

DEPmiTIOT 2.4.1 ; let U and V be subsets of c(r). in 

element 6 in c(r) is said to be an (U,v) multiplier if 4’J'E'V’ 

for all 4£U, i.e. if 4 U v. in element 4 is said to be an 
U-multiplier if it is an (U,U) multiplier . 

Por a subset A of M(g), we will write A for the set 

Jk, 

{ V :p e A }. Whoa dealing with multipliers involving sets of 



the form A, we will drop the symbol * . For example, an 

(r ) , L (G-)) multiplier is really an (£ (r ), I (G) ) 
p P P P 

multiplier and a C(G)--fflultiplier is a G(G)’*~multi.plier. We 

also frequently omit the symbols T and G and, for example, 

refer to ,1 )~ multiplier or C-multipliers. 

The set of all (U,v) -multipliers will be denoted by the 
symbol (u,v] . The following results are well known; see 
[12, pp 367-389] . 

THEOREM 2.4.2 : Let U and 7 be any of the spaces 

(i) «'p(r) (1 1_P 1“), cjr), 

(ii) L (g) (1 ^p <»), c(g), m(g). 

Let if be an (U,v)-multiplier. Define the mapping T:U 7 hy 
the following rules; 

(iii) t( 4)) = (f if for if e G if D and 7 are chosen from 

(iv) T(if) = (f iffor if e U if U is chosen from (i) and 

7 from (ii), 

A 

(v) Tf = b f for f e U [ or T(u) = b P for v e m(g) ] 

if U is chosen from (ii) and V from (i) 

(vi) (Tf)* = b f f or f £ U [or(T(p)) =bv for yeM(G)} 
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if U and V are chosen from (ii). If U and V are 

given their usual norms, then T is a bounded linear transfoimation 
from U into V. 

1 11 

THEOEEM 2.4.3 i Let 1 0 < p <<» and ~ = — - — . Ihen 

— ^ ^ r q p 

f ^ ^ 

THEOREM 2.4.4 5 For 1 ^ p we have 

(i) £m, Lp] = £l^, Lp3 = Lp, 
for 1 ^ p < we have 

(ii) [Lp, C] = [Ip, L„]= Lp, 

(iii) [L^, C ]= L^ 

THEOREM 2 .4 *5 : Por 1 < p < <», we have 

(i) U,, »pl = Hj, > [Ii, 0^] = HJT) . 

For 1 p < °=> , we have 

(ii) [£,!]= £ t(r) 

The following theorems are proved by Edwards in [ 5 ] . We shall 
use these results frequently, 

THEOREM 2.4.6 : For an element e c(r), the following assertions 
are equivalent. 
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(i) 4) e • 

(ii) Por every function e (y) = ^ onF, £( 7)41 (y) 

is the Fourier transform of an integrable functim on G. 

(iii) For every function e (y) = + 1 on F , e (y) 4 (y) 
the Fouriei>-Stielt j es transform of a measure on G. 

THBOEEM 2.4.7 : For an element 4 eC(r), the following are 
equivalent. 

(i) 4 e Ji^CF) 

(ii) For every function ®(y)=J;'^ o’^Fj £ (y) 4 (y) 
the Fourier transform of a bounded function on G. 

THEOREM 2.4.8 ; Let G be an Infinite compact abelian group 

and 1 p < 2. If a function 4 on F is such that 4 f e ^^(f) 

for every f £ c(g), then 4 e ^p/ 2 -p^^^* 

REMARK 2.4.9 : Theorems 2.4.2 to 2.4.5 are in fact proved for 

infinite compact groups in [12, pp 367'-389] . To get these 
theorems in this situation replace C^(f ) and il^(r ) by 

Cp(S) , C^(i:) and cjl). [CoCX>(F€ cCE)jV£>0;(«*«2. 

Theorems 2.4.6 and 2.4.8 also have valid analogues for 
infinite compact groups ({12, 36.13, 36.15]). 



2.5 OPECI MAPPIUG THEOREM : The following theoren is a form, 
of open mapping theoren which we shall use frequently. For 
proof see Kelley [15,p 99 ] . 

THEOREM 2.5.1 s Let T be a continuous linear map of a complete, 
pseudo-metrizable linear topological space E into a Hausdorff 
linear topological space F. If the range of T is of second 
category in F, then T maps E onto F, F is complete and 
metrizable and T is an open mapping. 



CHA.P2EE - III 


PEOPEE IHCIUSIOIS IE A AI&EBEAS 

P 


3.1 INTEODUCTIOI : In [16] and [17, p 197] Larsen stated 

without proof that algebras ■^p(®) (l £.p<™ ) are distinct 

for distinct p unless G is discrete, in which case A (g) = 

P 

L^(g) V P* In a private communication Larsen told x:is that his 

proof of this assertion was fallacious and he gave a proof of 

the fact that A (g)c^_A (g), p < q, in ease G = E or T, or 
P Q. 

G is infinite compact and 1 ^ p < 2. In this chapter we show that 

i f A (&) Cp A (g) provided G is a nondiscrete locally 
1 _< p < q 

compact abelian group or an infinite compact group. Eurthermore, 

it is shown that \ j -A (g) is a j j j j , dense linear 

1j< p < q ^ ""q 

subspace of A (G-) of category I and the ideals generated by 
Q. 

Ap(G) * A^(g) and s(g) * properly contained in Ap(G) 

and respectively, provided in the latter situation G is 

infinite compact abelian and (s(g))'* I (P ) for some o < p^ < <» . 

^0 

These assertions answer the questions raised by Larsen in ’B‘ and 
’K' of [is] . Part of the contents of this chapter has appeared 
in [30] . 


Theorem 3.1.16 is the main result of this chapter which 
precisely states the following; 

THEOEM 3.1.16 : Let G be a uondiscrete locally compact abelian 

or an infinite compact group and 1< p< q<<». Then 
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1<_p < q 
of category I. 


\ 5 A (g) is a 1 1 II dense linear subspace of A (g) 

C ^ Q 


We accomplish. Theorem 3ol.16 in three steps. 

STEP 1 : We prove A (g) . A (g) provided 1 < p < q < oo and G = T, 

P I — 

G=R or G = E an infinite compact group. 

STEP 2 : Using step 1 and structure of a locally compact abelian 
group we derive the result for any nondiscrete locally compact 
abelian group. 

STEP 3 : Using steps 1 and 2 and open mapping theorem we conclude 
the result. 


The complete proof of Theorem 3.1.16 contains several intermediary 
results which are of interest for their own sake, Row onwards , throu^out 
this chapter we have 1 ^p < q < <» vualess otherwise stated. 

PROPOSITION 3.1.1 i Ufct G be a nondiscrete locally compact abelian 
group and 1 p < 2, then 


PROOF : Since G is nondiscrete, P is non-compact. let U be a 

symmetric neighbourhood of 0 in F such that U is compact. 

Choose a sequence in F such that y^+ U + U is disjoint from 

Y.+ U+ U if i/j. let 
0 


Then g 


g = and 

and h e l^Cr). 


*'= I -V X 

tol kV*' 

Hence there exists f e 1 ^(g) 


such 
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that f = g * h. Moreover, g e L^(r) and 

iUMq = / dn <n(UH-u) I 

^ r k=1 

Therefore he Ii (r ) and f e jl (g) ; but f sf A (g) as can be seen 
from the following; 

let T e Y + U, then 
k ’ 

g* h(T) = / x^C'^-y) I , i/p \ +U+U ^n(y) 

1 K! K! 

= 0 unless t - y g y 

Now T - y e U implies y - t e -U = U or ye y, +U+U. Hence 
(3.1.1a) g * h(T) = -^ n (U) 

Since Y.+ U is disjoint from y t U if i j, it follows from 
1 ^ 

(3.1.1a) that f ^ ^^(g). 

COEOLIAEY 3.1.2 : let G = T, the. circle group. Then A (g) ^ A (g). 

p q 

PROOF ; If 1 ^p < 2, then the result follows from Proposition 3.1.1. 

If p >;_2, then q > 2 and q* lies between 1 and 2. It is known 

t?, p 147] that there exists f e 1 ^, (g) such that f ^ 1^(1). Such 

a function f e A (g) but f ^ A (g) , 
q P 

PROPOSITION 3.1.3 : let G = R, the real line. Then A (g) ^A (g). 

P Q. 

PROOF j Since p < q, it follows that A (g) ^iA (g). Moreover, 

P ^ 

llflL = + llfll < 2 |lf|l VfeA(G) 

q p 
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Therefore the assTjmption that ‘^p(G-) = would lead to the 

existence of a constant E > 0 such that 


(3.1.3a) ilf||p< Kdlfll^ + ||f ll^] V f e Ap(&) 

We shall show that (3.1.3a) leads to a contradiction. Eor this 
purpose consider the function 


(^) 


and let > then 


1 - Ui A , 1 x] £ a 
. 0 1 X I » a 


f (x) = / ^„(t) e^^^ dt = 2 / (1- — ) cost X dt 


2(l^cos g x) 


ax 


2ir6^ (X) 


. / s 1 (l-cosax) 
where {x) = — 5 


ax 


Since and e and A^ is continuous on (-“>“)> therefore 

A^(x) = (x). Now = 2TrA^(0) = 2 tt . Moreover, SttA^., 

Therefore 


IIJI = 2. ( . 2, 2'/P( /“ (1 -i )'at)''/p 


(3.1.3b) 


„ r 2 ll/p l/p 


Prom (3.1.3a) and (3.1.3b) it follows that 


(3.1.3c) 2u (^)’'^^ ±2Ktt+ 2Eir 
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Dividing by 



on both sides of (3«1»3c) we get 


(3.1.3d) a''/P " <2K'ira~^^^ + 2KTr(-~)^'^^ 

Now as a tends to infinity in (3.1.3d) we see that the ri^t 

hand side remains bounded while the left hand side tends to infinity. 

iChis contradiction establishes the proposition. 

PROPOSITICN 3.1.4 : let G be an infinite compact totally 
disconnected abelian group. Then Ap(G) <^A^(g). 

PROON ; As in the proof of the Proposition 3.1.3» the assumption 

that A (g) = A (g) would lead to the existence of a constant 
p q 

K > 0 such that 

(3.1.4a) llfllp < K I If 11^ +K Ilfll^Vf e A^(g) . 

We shall show that (3.1.4a) leads to a contradiction. Since G is 

compact and totally disconnected, there exists a neighboxirhood basis 

consisting of .open and closed subgroups of G [l1,p 62] . 

Since G is infinite compact it follows that lim X (^n) - 0* 3jet 

a 

the annihilator subgroup of Vqj. 

Since is open and closed, it follows that is finite. Let 
n^ be the number of points in and let • Then 

Cl 

2 

Also 1 1 id 1 ! 2 ~ * Therefore by the Plancherel theorem we get 
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Hence n = i/a , How, for 1 < p < o . we have 

a 01 ’ — ^ ^ 


llllL-( I |x„ X., P)'/” = x„ 


a"P Y £ r' " Xc. 


= X 


How from (3* 1.4a) it follows that 


1/p' 


a 


, V Vp' l/q* 

(3.1.4b) X <KX + K X 
a — a a 


Dividing both sides of (3.1.4b) by a ^ we get 


l/q' 


(3.1.4c) X^ <_ K Xat + K 


Taking the l im it in (3.1.4c) we see that the right hand side remains 

1 1 

bounded while the left hand side tends to infinity, because 

p q 

and X^ 0. This contradiction yields the result. 


PEOPOSITIOH 3.1.5 i Det G-^ and I'® locally compact abelian 

groups and G = G^ G^. If some i=1,2, 

then A (g) / A (g). 

P q 

PEOOP ; We may assume that A (g^) j/a (g^) (the proof in the 

J) I ^ * 

Other case is exactly similar). Choose t e A (G-. ) such that 

Ql ^ 

f ^ A (gO. Let g be any non zero function belonging to A (6_). 
pi P ^ 

Define h(x,y) = f(x) g(y) for (x,y) e G^ x G^ . Then h iy,r\) ~ 

A A A 

^(y) g(r)). How v/e claim i h e L (P) if and only if f e L (P ) 

P P ■ 

A 

and g e L (r,^). Our claim is trivial once we observe that 

o pW2'* 
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/ |li (Yyn)l^d(Y X T)} = / I f ( y) g(n)|^d(Y X Ti) 

r r 

= I |f(Y)l^|g(n)|^d(Y X n) 

r 

= / I^Cy)!^ <iY / |g(n)pdri . 
r. r 

1 2 

- Last step follows because of Itibini's theorem. Hence the function 
fU) g(y) = h(x,y) e but h(x,y) ^ '^p(G-) . 

let H be a closed subgroup of a locally compact abelian 

group G. It is known [27, p 131] that if S(g) is a Segal 

algebra on G, then IIjj(s(g)) becomes a Segal algebra on g/h. 

The following proposition is interesting because it shows that 

H (a (g)) = A (g/h) under the hypothesis that H is compact, 
n p p 

PROPOSIIIOH 3,1.6 : Let H be a compact subgroup of a locally 
compact abelian group G. Then H (A (g)) = A (g/h), 

HP p 

PROOP : Let A be the annihilator lOf H. Since H is compact, 

A is open. It can be easily seen that for f e I^(g), (njj(f)) (y) = 
f (y)!j^ • Therefore f e i'p(G-) implies (f) e A^(g/h) and 
so n^(A^(G)) o,Ap(G/H). To prove the other inclusion, take 
f e ApCo/n); then there exists f e L^(g) such that = f ' • 

Now consider the function g = * f where m^ is the normalised 

Haar measure on H and is considered as a bounded measure on the 
whole group G by taking it to be zero outside H, Since 
HLg = , it follows that f * • 


Indeed , 
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(lljj(g)) - £|^= £l^=(n^Cf))* = f. ; 

hence H ( g) = f ’ . Purther, since A is open and g = f ' on A 

Jti 

and g = 0 outside A , it follows that g e A (g). 

jP 

BMAEK 3.1.7 : Larsen in 'G’ of [18] asked if Proposition 3.1.6 
is true for closed subgroups of G. Krogstad rn [13] has shown 
(by taking G = R and H = 2 II z) that the assertion of Proposition 
3.1.6 is not valid for all closed subgroups of G. Thus the 
condition of compactness on the subgroup H of G is essential and 
can not be dropped in the above proposition. 

THEOREM 3.1.8 s Let 6 be an infinite compact abelian group. Then 

PROOF i We have already proved the theorem for totally disconnected 

G in Proposition 3.1.4. So suppose G is not totally disconnected. 

Then the dual group r has an element of infinite order [ 28, p 47 ] » 

Therefore it contains 2 (the group of integers) as a subgroup. Let 

H be the annihilator of this subgroup. Then the dual group of g/h 

is isomorphic to Z and g/h is isomorphic to T. By Corollary 

3.1.2 it follows that A (g/h) c_ A (g/h). The theorem now follows 

p q. 

by Proposition 3.1.6. 

REMARK 3.1.9 : It is proper here to point out that we had obtained 
the proof of Theorem 3.1.8 before we came to know that for p ^ 2 
it can be derived fiXJm Theorem 2.b of Fournier {8] . Indeed, 

Theorem 2.b of Fournier tells that if G is infinite compact 
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abelian group and 1 £ p _< 2, then 

(I (g) I (r) 

P (i<p' 

This shows that for p ^ 2 there exists a function f e h , (g) 

Q. 

such that t ^ a (r), UFow it is clear that f £ A (g) but 
P 1 

f ^ A^Cg). Fournier also remarks in [8] that Theorem 2.b is true 

even if the group G is infinite compact, implying the 2 ?eby that 

for p ^ 2, A (g) A (g). But for 1 ^p < 2 and G an 
P Q. 

infinite compact group we can easily see that A (g) A (g). 

P -1- q. 

Indeed, let be an infinite seciuence in I . Define 

B = (E^) e C(Z:) by 


Sb = 


i/p ^do ® 

n n 

0 if 0 / o 
^ n 


It is clear that E e G 2 (^) a^id E 4 Cp(^)* But 

E e implies there exists a f e *i=B^(G) such that 

f = Eo Then it is obvious that f is the required function. 
How the following theorem is clear because of the above remark. 


THEOREM 3.1.10 ; let G be an infinite compact group. Then 
A^(g) Cl A (g). 

p ^ q 

BROPOSITIOH 3.1.11 s let H be an open subgroup of a locally 
compact abelian group G. let f e 1 ^(h). Define g on G 


as follows 
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f(x) if X e H 

gW = 

_0 If X < H 

Then g e I. (g) and gel (r) if and only if f e Ii (t/A), where 

P P 

A is the annihilator of H. 

PROOP ; It is obvious that g e L^(G), Let 

P= {c{iel^(r)|<|)is almost every where constant on each 

coset of A} 

aud let g' j r r/A be the quotient map. Then it follows from 
[ 12, p 95(28.55)3 that h -»■ h o g’ is a Banach algebra isomorphism 
of L^(r/A) onto P. Since g is zero outside H, g is constant 
on cosets of A . Moreover, 

f 0 g'(Y) = / f(x) (-x,g'(Y))dx 

H 

= I si^) (-K,g' (Y))dx = g (g'(Y)) = ICy) 

G 

Last step follows because g is constant on cosets of A . Also , 

Iff o g'(y) = |f{g'(T)l^= |gW|^= Islhv) . 

Hence it follows that g e L (I") if and only if f e I (r/i) , 

P P 

GOROIIAiff 3.1.12; Let H be an open subgroup of a locally compact 
abelian group G such that ■^p(®) A-^^Ch), then A^Cg) A^(g). 

PROOP ; Let f e A (h) such that t ^ A (h) . Define g as 

1 P 

in Proposition 3.1.11. Then Proposition 3.1.11 implies that 
g e A (g) but g ^ A (g). 

Si 
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THBOEEM 5.1.13 s let G- be a noncliscrete locally compact abelian 
group. Then 

PROOF : [28, 2.4.1] xraplies that there exists an open subgroup H 

n 

of G such that H = R ^ P, where n is a non-negative integer 
and P a compact abelian group. If n > 0, then A (h) (h) 

by Propositions 3.1.3 and 3.1.5. If n = 0, then since G is 
nondiscrete and H is open, it follows that P is an infinite 
compact abelian group. Therefore (h) (h) . The theorem 
now follows by Corollary 3.1.12. 

Burnham, Krogstad and larsen in [4, cor 2 ] have shown that, 

for p > 2, A (g) is not a prime ideal in M(g) provided G is 
P 

a nondiscrete locally compact abelian group. Their proof uses the 

facts that A (g) I. (g) and for p > 2 there exists a singular 
p V- 1 

measure on G whose Pourier transform belongs to I^(r). However, 
by using Theorem 3.1.13 we shall show that A (g) is not a prime 
ideal in I^(g) for all 1 £ p < . 

COROLIARY 3.1.14 ; Let G be a nondiscrete locally compact abelian 
or an infinite compact group. Then for each p,1 ^p < «> , A^Cg) 
is not a prime ideal in L^(g). 

PROOP ; It is evident that 

Ap(G) Theorem 3.1.13 and 3.1.10; therefore corollary 

follows. 

The following corollary answers the question raised by Larsen 
in ’ B* of [ 18 3 . 
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COEOIiLARY 3.1 *15 J let G- be a nondiscrete locally compact abelian 

or an infinite compact group. Then, A (g) is a | [ | | dense 

linear subspace of A (g) of category I. 

Q. 

PEOCE; Since integrable functions whose Pourier transfomiQ have 
compact support are dense in A^(&) for every < CO ^ 


therefore A (g) is a 
P 


11^ dense linear subspace of A (g). 

To prove that A (g) is of category I in A (g), let it A (&) A (g) 
P Q. P Q. 

be the identity map; clearly i is continuous. Since A (G)dA (g) 

p G 

by Theorems 5.1.13 and 3.1.10, it follows from Theorem 2.5.1 that 

A (g) is of category I in A (g). 

P 4 


THEOEEM 3.1,16 ; let G be a nondiscrete locally compact abelian 
or an infinite compact group. Then j A (g) is a 1 1 | | . 


1 <P <4 


dense subspace of A (g) of category I. 

4 


PEOOE ! Clearly 


1 

1 '•^p'< q 


A (g) is a 


dense subspace of 


Ag^(G). Choose a sequence ip^^J increasing to q. It can be 

CO 

easily seen that I ^ A (&) = ^ ) A (g). For each n, A (g) 

n=1 ^n 1 ^■■<q ^ ^n 

is of first category in A^(g) (Corollary 3.1.15). Therefore, 


^ A (g), being a countable union of sets of first category, 

is a set of first category. 


Let G be a nondiscrete locally compact abelian g3?oup and S(g) 
be a Segal algebra on G, Larsen in ’K’ of [18] asked if the ideals 
generated by A^Cg) * A^^Cg) and S(g) * equal A^Cg) and 
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I (g) respectively. The first question of Larsen we shall solve 

fully by showing that the ideal generated by <^p(^) * 

properly contained in A (g). This fact is also proved by Yap [35] 

P 

But we do-not Joiow the way Yap has proved this result. We shall 
prove this result following an idea due to Burnham [ 1 ] and Wang 
[31] . In fact we shall prove a more general result. The 
latter question of Larsen we have solved under some- oondi-tioaB, The 
conditions are 

(i) Group G is infinite compact abelian 

(ii) Siaf L (r) for some p^, 0 < Pq< ” . 

THBOEM 3.1.17 : Let S^(g) and S^Cg) be two Segal algebras 

on G such that (S.(g)) cf:. L (I), (S (&)) L (r) for 

‘ Pq 0 

some V and r,0<p,r<«>. Then the ideal generated by 

-^0 O 0 0 

S^(G.) * S 2 (&) is properly contained in S^Cg). 

PEOOP : It IS clear that i(S^(g) * S 2 (g)) (the ideal generated 
by S^(g) * S^Cg)) S 2 (g)* If possible, suppose l(S^ ( g^S^Cg)) 
S^Cg), Let f e S^Cg). Then, 

(3.1»17a) I \ s S^(g), f^ e S^Cg) , 

i=1 


Since each f^ e S^Cg), therefore 



m. 

1 

3. . (f . . * f! . )»i = 1,2, ...n 
13 13 13 

(3.1.17b) 

I 

D=1 

where B . . 

e fc , f. .e 
^ Id 

S^(g) and f!^^ a S^id), 
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Substituting (3.1.17b) in (3.1.17a) we get 

F ^ 

(3.1.17c) L I a. e. . fl ^(f * f. .) . 

i=1 3=1 1 3.3 ID ' X xd' 

Py2 

Since e L 2 (")j therefore by Holder's inequality and 

(3.1.17c) we get f £ 1 Since f is an arbitraiy element 

in S 2 (g), therefore we get S 2 (g) O Ii Continuing this 

process n times we get S 2 (g) cl L /^a. (^)* Choose n so large 

Pq/^ 

that Pq/ 2^ < r^. Therefore S 2 (g) Ii (0> ^ contradiction. 

COROimET 5.1.18 : i(A (g) *A (g)) (g). 

PI P 

PROOP : If p > 1 , then the corollary follows immediately from 
Theorem 3.1.17, since (A (g))'-J^L (r) (Theorem 3.1.13). If p = 1, 

P I 

CO 1 

then by choosing h = y — ^ X , n. tt ^ ^ ^ ^ 

, Lij T ^ Y- +U“rU K. 
k=1 k k 

Proposition 3.1.1) we can show that This fact 

and Theorem 3.1.17 now complete the proof. 

The follovidng corollary is immediate from Theorem 3.1.17. 

COROIilAHT 3.1.19 : let 1 iP < then i(s(g) * I (g))<^I (g) 

ir 

under the conditions, mentioned earlier. 

RBJARK 3.1.20 ; It can be easily seen that Theorem 3.1.17 and 
Corollaries 3.1.18 and 3.1.19 are valid for infinite compact 


groups. 



GHAJPm - 17 


ON MULTIPLIERS PROM A^Co) TO A^(g) ALGEBRAS 


INTRODUCTION ; It is knovwi (17, pp 204-20?] that (l) = 

P 

case G is a noncompact locally compact 

abelian group and if G is an infinite compact abelian group, 

1 li P £ 2, then (r) = c(r). These results show that (r) 

P P 

does not characterize A (G)-algebxas in the sense that A (g) A (g) 

need not imply (I ) (P). We ask the following natural 

p q 

question, 

QUESTION ; Does M. (P ) characterize A (G)-algebra if G is an 

P ^ 

A 

infinite compact abelian group and 2 < p < » ; 


Affirmative answer to this question will be given in Section 1 
of this chapter. 

In Section 2 we study multipliers bet’ween L^(g), A^Cg) and 
A (g) algebras. Considerable amount is known about multipliers from 

q 

A (g) to A (g) and L^(g) to A^(g) algebras. See for example 


[17] , [14] and [3] . Combining this with the known fact that 

L A 

M (P ) = (P) = M (P) provided l£p£q<«> , it follows 

Si, S. , 

P P P 

that interesting case is when 1_<q<p<<». We show that when 
G is a nondiscrete locally compact abelian gimp and 1 ;^q<p<», 


then 
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^®pq/p-q(®)) (r) (m(g))*, If G| l& 'nOTl- Cow|>ttA.. 


Howevei*j if G is an infinite compact abelian group and 

A 

1 IG < p <2, then M^^(r) “«'pq/p_q( r). Moreover, ^pq/p^(r) 

^ A A 

is the largest ^^(r)-spaee cont ain ed in and M^(r)<^ ^2q/2 


for 1 :^q. ;^2 < p. IUrtheimore,i^^^^^^^( r) need not be contained 
A 

in M^^(r) for certain values of p and q satisfying 2<q<p<<». 
P 

♦ A 

However (b , (G))^M,^(r) for all 2 < q < p < « . 

pq/p-q "t" Ap 

A 

Section 3 deals with restriction of to closed sub- 

P 

groups of r and the corresponding extension problem. We 

prove that if G is noncompact, then (r)lr = (^q) xniless 

P ° P 

r is a closed discrete subgroup of r, in which case M. (r ) I r 

p 

M. (r ). But if G is an infinite compact abelian group, then 

JrL O 
T) 

A 

(r) lro= M 1 lP,q < “ . 


A A 

we have ; i ^ 

P P 


4.1 EROBER BJOIUSiaHS IN Ap-MJLTIBIIERS : proving the 

existence of sets of uniqueness for 1 (g), 1 <2, Biga- 

falamanca and Gaudiy have proved in [9] that M(lip(G)) 

mCb^Cg)) when 1 <_p < 2 and G is any Infinite locally compact 
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abelian group, thus improving an earlier result of R.E. Edwards 
which required & to satisfy the extra condition of possessing 
an infinite discrete subgroup. The authors of [9] then employ 


the Eiesz-Thorin -convexity theorem to prove that 


\ (r)ncQ(r)c 


^ (r)j'^C^(r) when 1 ;^p < q £2, xanless G is finite. 
<1 

J.E. Ihrice in ( 26 ] generalizes the basic result M(Ii^(g)) 


M(l^(g)) when 1 £p <q£2. Price shows, using a partly 


constructive proof, that when G is infinite , 


M(i (g)) o^M(i (g)) n (g)) 

l£q<p ^ ^ p<q£2 ^ 

for 1 < p <2, with the first inclusion remaining strict vdim 
p = 2 and the second Inclusion remaining strict when p => 1 
(similar results also hold for 2 £ p £ «- ). 


In view of these results one naturally asks for the corresponding 

results for A -multipliers. The following theorem answers some 

P 

corresponding questions for A^-multipliers and it turns out that 
proof of this theorem is much simpler than the corresponding theorem 
for lip ( &) • 

THEOEEM : 4.1.1 ; let G be an infinite compact abelian group 
and 11.q<“',2<p<=>,p >q, then 

(i) M (r) n (r) Acj:r) 

P 9 

(ii) L.) (r) (r) . 

p > q P q 
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PROOF ; (i) If 1 £2, then (r) = c(r). But there exists 

a function <i> e C (r) such that (r), see {17, p 208 ] . 

o Ji 

P 


Let us now suppose that 2 < q < p < » , Let r = ; 

q-2 


then r > 2 and q = 


2r 

r-2 


By Theorem 3.1 *8, there exists a 


function f e A (o) such that I = » . Then by 

P yer 

Theorem 2.4.3 there exists a ij) e^(r) such that 4 Hence 

by Theorem 2.4.6 there exists a function ^ (y) = +_ 1 on T such 

that e (y) 4* (y) f (y) IS not the Fourier transform of any integrable 

function. Let <(> (y) = e (y) 4'(y). THen it is clear that (p) 

P 

but <}> e£ (r). Therefore, 


(4.1.1a) (r). 

p 

How we shall show that (P ) rflM (p). Let <!> s = fi. ' (f) 

^ 2q/q-2 

and f e A (g). Since -%- = (■^)', therefore by Holder's inequality 
q q-2 2 

we get 


* 2: ^ 2q/q-2 q-2/q * n 2/a 

I 1 4 f(Y) 1 1 ( I U (y) I ) C I 1 ^Cy) 1^) 

yeP yeP yeP 


< 03 


Consequently, <}, f e Hence there exists g e L^(g) 

such that g = <j>f and thus <|) e (P). Therefore, 

q 

£^(P) (P) . 

q 


(4.1.1b) 
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(4.1.1a) axid (4.1»1b) imply that 

(4.1.1c) M. (r)nc (r)ciM (r)^: c (r) . 
p ^ 

(ii) How to prove \ J (r) (^')9 we recall that if 

p'> IP 1 

1 j< r < CO ^ then M (^) is a Banach space with norm of (r) 

r r 

defined as the operator norm of Tj where 1 is the operator 

^ A 

associated with 4 such that (if) = 4f f e A^(g). 

Thus M, (0 M (r) are Banach spaces. Moreover, there 

A A 

p 1 

exists a constant K > 0 such that 


(4.1, Id) 


II^Ma 1 ^ il'S’lliL • 

q ^ 


let i : (r) (r) be the identity map. Then (4.1. Id) 

P _ 

tells us that i is a continuous map. Therefore it follows from 

Theorem 2.5.1 that M, (r) is of first category in (P), Let 

p 

{pn^ be a decreasing sequence such that 1* Then it can be 

easily seen that 


l„'* (n = IJ M. (r) 


A 

p >q p 


i A 

n=1 p. 


n 


This shows that M (r) is of first category in (r). 

P Vq P 1 


Now it is clear that 


( 4 . 1 . Ie) 1 (r) ^ (r). 

p > q p q 
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Por if equality holds in (4.1.1e), then it will follow that (r), 

a Banach space, is of first category in itself, a contradiction by 
Baire's category theorem. 

EEMAEEC 4.1.2 : The assertion of Theorem 4.1.1 holds even if G- is 
an infinite compact group. The proof is-exactly the same as for the 

abelian case. The results needed in the arguments in Theorem 4.1.1 
are given in Theorem 3.1.10 and Remark 2.4.9. 


4.2 MUBTIPHERS PROM A (o) IRTO A (g) ALGEBRAS ; In this section 

P q 

A 

we shall study 1 < p> q < « . Let us first observe a simple 

Pa a 

but important fact about M^^(r), Por a fixed q, l-^q <», ( p) 

P P 

is non-increasing as the index p is increasing; that is, P-j<P2 

A A A 

implies (v) (p). But Or fixed p, 1 ;^p < «, M.^(p) 


is non-decreasing as the index q is increasing; that is, q^ < q,^ implies 


^2 

M (r)oiM« (p). Y/e shall use these lacts frequently. 

A . - Ap 


The following results, till Remark 4.2.9, are either strai^t 
forward or known. We state these results for the sake of completeness. 


Arguing as in Larsen (17, p 201] we get the following 
proposition. 

PROPOSITIOR 4.2.1 i Let <3- be a locally compact abelian group and 
1 _< p q < ® , then 
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Ii. A 

= 5^:, (r). 




Since (T) = (m(g)) provided 1 -^p < «> and G is a 
P 


non-compact locally compact abelisn group and (P) = G(r) when 

P 

G is infinite compact abelian and 1 < p <2, therefore we have the 
following two corollaries. 


GOROHAEI 4«2.2 ; let G be a noncompact locally compact abelian 
group and 1<p<q<ao, then 

A 

M^^r) = (r) = (m(g)) 

P p ' 

COROLLARY 4.2.3 : let G be an infinite compact abelian group and 
l^p^2, p<q< “j then 

(r) = (r) = c(r) 

p p 

The following theorem and corollary are due to Krogstad [14] , 
although partially or fully these resiiLts are also proved by number 
of other authors. See for example [3J , [4] , [22] . 

THEOREM 4.2.4 : let G be a nondiscrete locally compact abelian 
group. If 1 Iq < » and Ts1^(g) A^(g), then the following 

are eq\ai valent: 

(i) T e m(1^, A^) 

(ii) There exists a unique V e such that Tf =u* f, 

f « 1 ^(g). Moreover the mapping V T from 
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is an isometric sui;^ active algebra isomorphism, 

COROLIjAliQL 4.2,5 * iet & be a nondiscrete locally compact abelian 
group. If 1 1 1. 2 and I:Ii. (G-)-^ A (g), then the following 

are equivalent. 

(i) T £ M(L^,A^) 

(ii) Ihere exists a unitiue g g tlist Tf = g * f , 

f e (Gt) • 

Moreover the mapping g -»■ I from '*'0 is an 

isometric surjective algebra isomorphism. 

p-pMAW 4.2.6 : Krogstad in [14] showed that if G is a non-discrete 
locally compact abelian group and q > 2, then there exists a peM(G) 

such that W e I (r) but p is singular with respect to Haar 

^ * 

measure on G. This shows that / (A (g)) provided q > 2. 

^ A 

Let us now focus our attention on studying (r ) when 

P 

1 < p < «>. 

PROPOSITION 4.2.7: Let G be a non— discrete non-compact locally 
compact abelian group. Then 

B , (g)o M,‘^(r)<i(M(G)) 

pq/p-q " -ftp 

PROOF : Let (I)=Ujv£B . (G^) ^ ^ Then 4> f - 

pq/p-q 

y f _ (v* f)* e (L^(g))*. Moreover, by Holder's inequality we 


have 
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( / k ^CY)k dn(T))^^° < c / \cy))^ ^^^(/|f(Y) PdnCY}y^ 


< 00 


Hence <jf e (a (g)) and C e M^*^(r). Consequently, 

Cl 

p 




Ji. 


Evidently Mk(r) c^M. (p) = M(g) . ffi/(r) 5 ^ M(g) follows by 


A 


Theorem 3.1 .13. 


Now let G be an infinite compact abelian group. The 

A 

following proposition gives provided p ^2. 

P 

PROPOSITION 4.2.8 t Let & be an infinite compact abelian group 
and 1 £ q < P 1 2, then 


p 

PROOP : We observe that if "I ^ ^ ^ 2, then S'^(r) = (A^(g)) . 
By Theorem 2.4.3 we have 


ii , (r) 

pq/p-q 

PROPOSITION 4.2.9 : 
and 1 < q < 2 < p. 



*• p q-* 


Mk(r). 


let G be an infinite compact abelian group 
Then 


A 

• H-vipn 5, (r) and if in addition 

Moreover, if r> j V ^ 

p-q p 
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p ^2g, then «pq/p-q( (r). 


PROOF j It is clear by Holder's inequality and Proposition 4»2.8 that 
A A A ' 

Wp-q V C) ■ 

i 

r > } then p > . By Theorem 3.1«8 there exists a 


f £ A (&) such that ^ |f(Y)l 


rq/r-q 


= “ . Hence by Theorem 


2.4.3 there exists a fimction iji eiip(r) such that ^ 2-^(1). 

A 

Consequently, ^ (r)(^ M.'^(r). We are now to prove that 


2. / (r)4M,‘^(r) provided p < 2q. It is clear that r > — IPj 

pq/p-q ^ - p-q 

provided p < 2q. By Theorem 3.1.8 choose a function f e A^(g) 

such that E |f(Y)P = " . Then by Theorem 2.4.3 there exists a 
Y ^ A 

function if* e £ / (r) such- that f i 2 (l). Thus . 

P<yp-q q *r 


‘Let us now consider the case when 2<q<p<". !»■ this 

A - 

situation need not be contained in The following 

proposition tells us that when 4<p^2q or then 

A 

£ y (r) ceases to be contained in 

pq/p-q -^p 

PROPOSITIOH 4.2.10 J Let & be an infinite compact abelian group 
and either 4 <q<p<<«or 4<Pl2q, then 


2 / (r) 

pq/p-q 


p 


if p > q- 
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Before proving this proposition we shall first prove a 

lemma. 

IiEMMA. 4.2,11 : let G be an infinite compact abelian group. 

If 1 l.p£, 4, then I (r ) (r), but if p >■ 4 then 

p 

(r) ana (P). 

4 . Ap P ^4 

PROOB ; It is clear from corollary 4.2.3 that we can assimie p >2. 

Prs 

Therefore suppose that 2 < p <_4. Evddentlly — ^ ^p. Now it 

follows from (4.1.1b) that £ (P)'-J::M^ (P). 

^ P 

Let us now consider the case when 4 p < IThen it follows 
from (4.1.1a) that ^^(P ) (^)* prove that )> 

we observe that < 4. A^in by choosmg a function f e A.(g) such 

p-2 

that f jf A , (g) and proceeding as in Proposition 4«1«1 it can 

2p/p-2 

be easily seen that ^ (P)<'i.M (P). 

P ' A^ 

PROOP OR PROPOSITIQU 4*2^ 10 : If 4 < q < p <«> or 4 < p 5^2q ^ 

> 4 provided p > q* E’ow by Lenuna 4*2»11 it follows that 

P-1 

Vp-q^''^ ^ V (r). 

A 

Propositions 4.2.8 to 4.2.10 tell us that Spq^_q(P ) (P) 

provided p > q, :l2; however )^^p^(r) need not be contained 

A 

iQ (r ) if 2 < q < p < “ . 

ii 

P 


The following proposition tells 
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us that for 2 < q -c p < « M /^(r) properly contains CB. C®)) • 

pq/p-q 

PEOPOSITICN 4.2,12; Let G- be an Infinite compact abelian group 
and 2 < q < p < “, then 


A 




A 


PROOF ; It is eaOT to see that (R , (G)) -r: M ), We are 

pq/p-q - 

now to prove that the inclusion is proper. Iheorem 3* 1.8 choose 

a function f e A , (g) such that ti )• Therefore by 

2p/p-2 2 

Theorem 2.4.6 there exists a function e (y ) =» + 1 on r such that 
<y) f(v) is not the Pourier^Stieltjes transform of any measure 


on G. However e{y) £{y) ^^2p/p-2^^^ easily seen 


REMARK 4.2.13 : It can be easily seen that Proposition 4.2.1 and 

Corollary 4.2.3 are valid for infinite compact groups. Theorem 
4.2.4 was proved by Krogstad [14] . But his proof does not seem 
to work when group G is infinite compact. We shall now give the 
proof of Theorem 4.2.4 in this situation. 


PROPOSITICSJ 4.2.14 : Let G be an infinite compact group and 
1 < q < <» . Let P e m( G) be such that V * L^ ( G) A^( G) , 

then u e C (^ ) . 

q 
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PROOF 


A 

: Suppose y G Choose a sequence of finite 


subsets of z such that 


I d^l I y Ca)l ^ 


a e s^q 


Row by [12, 28.53] choose a sequence {h^^} in L^(g) such that 

Let h = I ; then h e L. ( G) , h(o ) = a (a ) I, and 

n=1 n “c 

“('^)L0V o e I and ot(a ) _> -1- v o e ij; , Now 

2n 


I d 1 |yCa) h Ca)l 1^ 
a 

= I d (aCo))^! ly Co) 1 1^ 
a 


a e Tjj. 


n 


2^. n^q 


1 n 


3q 


= (n/2)'^V n, a contradiction. 


“ 2q n2q 

PROPOSITI® 4.2,15: Let G be an infinite compact group and 
1 ^ q 5. 2. Then 

= (A^(G)f 

* \ 

PROOF : It is obvious that (A (g)) C: Conversely, 

Q. 

A L. ^ A 

M (^) =M(g)'' . Hence if p e then 
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W * -4-.A (g). ilaerefore by Proposition 4.2.14 V e 0 (S). 

Ihen it follows from [l2, 34.47(b)] that h e 


EEMARK 4.2.16 : Propositions 4.2.8 to 4.2.10 and Proposition 
4.2.12 are true for infinite compact groups. Ihe arguments 
used in the proofs of these Propositions are valid in this 
situation. See for example, Theoa?em 3.1.1C> Remaifc 2*4.9. 


A 

4.3 BESTEIGlI® MD EXIMSICK PROBLEMS FOR M ^ (T) : Let T 

XI. ^ 

P 

be a closed subgroup of T , It is known [29, Remaifc (b)] that 

restrictions to of the functions in (^)'nc(r) belong 

° P 


to Mj^ C(r^), Conversely, it is not known if every 

p 

function in (^Q)Oc(r^) is the restriction of a function in 

p ° ° 


M (!’)('■ t. c(r)} this is the case if p = 1 or 2 or T is a 
L ^ 

p 

closed discrete subgroup of P , see [10 ] . Phe author of [29] 
conjectures that this is true for all p with 1 < p < 2. La 
this section we answer the corresponding problems for Arnault ipliers. 
!Ehe following proposition tells us that if 4> e (^) and 


'P =: ‘!*lro» 'f' (r ). 

^p ° 


PROPOSITICK 4,3.1 ; Let G be a locally compact abelian group. 

If ({' e (r), 1 ^p<«, then <{>lroe“^ ‘ 

P P 

PROOF : Case I : G noncompact •- Li this situation (P) = 

P 

(m(g))'‘ == B(r). But by Theorem 2.7.2 of [28] functions in 
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B(r^) are precisely restrictioas of functions in B(r ) to r^. 
Hierefore, 

(j)|r = ulr ^ BCr^) (r^) . 

*^0 P 

Case II ; G- compact : let H be the annihilator of in 

G. Then H is compact . We shall show that 4|p - t ^ M. (l ). 

0 p ° 

Let f s ApCG/H),then by Proposition 3«1«6 there exists f ' e 
such that 


(4.3.1a) yf’)-f- 

But <j) el. (I) and f * e A (g), therefore there exists g* e A (g) 
Ap p P 

such that 


(4.3.1b) <J)f' = g’. 

Let g= yg'), then g e Ap(G/H) and 

= ci)lp f = dip (%(^’)) Cc£, 4.3.1a) 

= dip f’ Ip = df' Ip 

% ^o 


= g*lp (c£. 4.3.1b) 

0 

“ %Cg’ 3 " = g* 


Therefore 4' ^ ^ 

P 

Proposition 4.3.1 shows that if is a closed subgroup 


of r > then 
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M (r)ir -SM (r ). 

Ap io--p 0 


Now we ask, is M, (r)!^ = M. (r )? That is, whether ereiy function 

' A ''0 A 0 

P P 

4> e M. (r ) is the restriction of some function in M. (^ ). Oae 
A o'^ A 

P P 

can easily see that it is not always true. Indeed, let G = B 

and r = Z, then M, (r ) = m(g)*, but M (P ) properly contains 

P P 

meastires Il7j pp 207-208] . 


The following proposition tells when the extension is possible 
for noncontact G. If G is an infinite compact abelian group, 
the question is answered in Iroposition 4»3»3» 


EaDPOSITIOJ 4,3.2 : Let G be a noncompact locally compact abelian 

group and r be a nondiscrete closed subgroup of r . If c^eM^ (P^), 

P 

then there exists a 4 a (r ) such that <!> = • 

P 

PEOOP; We have M (^) = (m(g)) = B(p). Also, (P^) is the 

P P 

set of multipliers of A^(g/h), where H is the annihilator of 

in G. Since ^ is nondiscrete, G/H is noncompact. Thus 
0 

M (P ) = B(r ). But by Theorem 2.7.2 of [28] functions in 
Ap o 0 

B(P ) are precisely restrictions of functions in B(P). Hence the 
results 


PROPOSITICN 4.3.3 : Bet G 

and P be a subgroup of P 
0 

A 

the3re exists a ^ e M 


be an inf inite compact abelian group 
A 

. If 4 e (P^), 1 lP,q<* » then 
P 

such that ^ ® • 
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PHOOP : Let 

discrete, H 
follows 


H be "Idle aanihilator of r In G. Since f is 

o 0 

A 

is compact. let ^ ® M /^(r ). Define ij; on T as 

A 0 

P 


4* (y) = 


^(y) 


Y e Fq 


Y ^ r. 


¥e shall show that 4 eM.'^(r). let 

A 

P 

Proposition 3.1.6 ^rrCf) ^ A ((l/H). 

tt p 

there exists g’ e A^Cq/H) such that 


f e Ap(G), thai by 
A 

But 4 ), therefore 

Ji. O 

P 


(4.3.3a) ‘!>(yf))" = g': 

Now by Proposition 3.1.6 there axists h' s such that IIu(te*) g*» 

let h = m * h*, where is the normalised Haar measure on H 

H -tl 

and is considered as a bounded measure on the whole group G 

ll 

in the usual manner. 03aen, 


(4.3.3b) 


A ^ 

4 f = h 


as can be seen from the following. 


If Y e then 

t1/£(y) = 4>Cy) Cy) = I'Cy) (c£ 4.3.3 a) 

= C^^Ch^))*Cr) 


= h' Cy) = h(Y). 
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If Y 5^ r , then fCv) = 0 = h (y). Thus, ip f(Y) = h(Y) 

A 

V Y E I . Consequently 'P sjj '^(r). 

A 

p 

let G be an infinite coapact abelian gixiup; then proceeding 

A A 

as in Proposition 4.3.1 one can show that M„\-r)L C_M.^ (r ), 

^ "^0 — A O 

P p 

1 . This fact and Proposition 4.3.3 give the following 

corollary. 

OOROIL/iiCf 4.3.4 : let G be an Infinite compact abelian group 

A 

and Tq a subgroup of I , i “ • Then M^*^(r)lp = 

A P ° 

m.H r ) . 

A 0 
p 

let G be an infinite compact group and H a closed normal 
subgroup of G. let [P] be the annihilator of H in Z j then 
the following analogues of Proposition 3.1.6 and Corollaiy 4.3.4 
are valid in this situation. 

PROPOSITICN 4.3.5: let 1 Ip < ”, then n (a (g)) = A (q/H). 

±1 J) J) 

A 

PROPOSITICK 4.3.6 : let 1 <,p,(i<”, then = 

m/^([pJ). 



CHAPTER - Y 


COHTIHUOUS EJECTION'S WITH P-SUMMABLE 
PdlEIEE TRMSPOEiiS 

Iq ciiaptexs III and lY we studied integrable functions on 
locally compact abelian or infinite compact groups with p summable 
Pourier transfoims. In this chapter we study another important 
class of functions on infinite compact abelian groups, namely, 

E^(g) = {f e c(g)| f e ^ • Since every continuous function 

on G has Pourier transform in ” ^2^^^ ~ 

C(g) if p ^ 2. Thus interest lies in the case when 1 p 2* 

Henceforth, throughout this chapter, we have lip, G i 2 and G 
an infinite compact abelian group unless otherwise stated. 

lynette in [23] showed that if we take G = T, 1 _< p < 2 
and pointwise multiplication in c(&), then closed 

\mder this operation; in other words, algebra. 

But we shall show that if we take convolution as multiplication 
in c(g) and define norm of an element f ^ ^ Ipp ~ 

llfll^+ l|f lip , ^ commutative semisin^jle Banach 

algebra. 

In section 1 of this chapter we shall show that EpC^) is 

a Segal algebra on G and J is a 1 ] 11^ dense subspace 

p < q ^ Q 

of E (g) of category I. In Section 2 we improve some results 
of lynette [24] concerning multipliers from E^Cg) J:o al^b^. 

CENTRAL ' IBRaRY 
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E 

Section 3 deals with restriction of to closed subgroups 

P 

of r and the corresponding extension problem. Section 4 deals 
with multipliers between I.(g) and E ('l) and it is shown that 

1 q' 

if 1 q. 2 and G = f, then E (g) is not dual of an I^— module. 

Section 5 deals with multipliers between A (g) and E (g) 

p q 

algebras, 1 5.P < ". 

5.1 SOIffi BASIC RESULTS ON E^(g) ALGEBRAS : Since g(g) is an 
ideal in L (g), it is evident that E (g) is an ideal in L. (g). 

1 p' ^ 1 ' 

It is easy to see that 1 l^t Ig = Ilf|l^+ f e » 

defines a norm on E^(g) and that E^(g) is a commutative algebra 
with convolution as multiplication. !Ehe following proposition 
states that ^ also a Banach algebra, 

PROPOSITIOH 5*1 *1 1 is a conmiutative Banach algebra with 

Jr 

11 1 L and convolution as nrultipiication. 

iii 

p 

PROOE ; Let {f } be a Cauchy sequence in 1 1 1 L . Clearly {f } 

n jii n 

p 

and Cauchy sequences in c(g) and ) respectively. 

Let f e c(g) and g e (r) be such that lim Hf - ^1 1 = 0 and 

y 22 LL CO 

lim 1 If ~gllp=0* first assertion implies that 1^ Hf^-f 11^=0, Thus 
f = g. Hence f e ^d lim H f -fl 1^, = 0. Therefore 

E (g) is a complete space with respect to H 1 L . As indicated 

P P 

previously E (g) is a connnutative algebra* To show E (g) is 

a Banach algebra, we observe that for each f,g ® ®p(^)> 
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l|f *g|lE - l|f*eiL*i|Ji|L 

p ^ 

i lifIL (lUIL + iiliip) 

— I ^ I E I I si I g • 

P P 

PROPOSITI® 5.1.2 : S (&) is a Segal algebra. 

P 

PROOF : It is evident that E (g) is translation invariant and 

P 

I If^t Ig = 1 |f 1 Ig j f £ X e G. Cle/arly ^ (g) is noim dense 

in 1 ^(g) and we have already shown that is a Ra na o h 

algebra. Y/e are now to show that the mapping x f from G into 

E (g) is continuous. let 0 f e E (g) and e >0. First 
P P 

choose a nei^bourhood U of the identity element 0 of G such 
that 

(5.1.2a) I If - f I |^< e/2 for all x e U. 

Choose a function (j) on P having finite support such that 1 1 <!>-f j < e/8- 

let K be the support of <t> and K’ = r\K, then it follows that 

(5.1.2b) Ilf Xg,l lp< s/8 . 

Now define, 

N(K,e) = {x e g| 1 (x,y) - ij < — for all ye K}. 

4 Ilf lip 

ThR n N(K,e) is a nei^bourhood of 0 in G, We now choose a 
symmetric, neighbourhood W of 0 such that W c:- U n ^(Kje )» 


It follows that 
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(i) for X e W and y ^ K we haTe 


|f^(Y) - f(Y)| = 1 (-x,y) - l| lf(Y) 

< -7^ |f(Y)|, 

and hence we have 


1 i(f^(Y) - f(Y)) Xjjl !p < e/4 ; 

(ii) for X e W and ye K’ we have 

- f(Y)l 1 2 1 f(y)l ‘ 

Olhen it follows from (5.1.2b) that 
|l(f^- f)Xg, lip < e/4. 

Ebus for X e W we have 

1 If - f 1 1 < e /2 and hence 

1 |f^ - f 1 Ijj = 1 If^-f 1 L + 1 1 (f^- f )* 1! < e/2 +e /2 =e. 

P ^ 

Evidently E (g)c'_E (g) if p < q. Eor G * T, the circle 

group, lynette in [24] shows that ®p(^) However, In the 

following proposition we shall derive E ( g) C-E ( g) as an application 

P G 

of Theorem 3.1.8. 

lEOPOSITICil 5.1.3 : Let p < q, then E (g) is aH 1 L dense 

P \ 

linear subspace of of oategoiy I. 


IBOOE ! Since integrable functions on G whose Eourier transforms 
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have finite support are dense in B (g), therefore E (g) is a 

q ’ p 


ltB_ 


dense linear subspace of E (g), Io show that E (g) 


is of category I in E (g), it is enou^ to show that B (g)^E (g) 


<1 

It is clear that p < q implies • Hence by Iheorem 

3.1.8 there exists a function f e '^2q/2-q^^^* ^ ^ ^2p/2-p^^^* 

by Iheorem 2.4.8 there exists a function g e c(g) such that 

g f ^ 2. ( r) • let h = g * f , th^ h is a continuous function on 

P 

G such that h ?! S, (r). However h e £ (r) (because g e itgCr) 

(r) ). 


and f e 


2q/2-q 


COROIiIAHf 5.1.4 : \ j E (g) is a 1 1 j Ig dense linear subspace 


p <q 

of E (g) of category I. 
Q. 


In Chapter III it was proved in Corollary 3.1.14 that ^(S-), 

1 _< p < co^is uot a prime ideal in L^(g). It is natural to ask if 

E (g) is a prime ideal in L.(g). Ihe following corollary answers 

p 1 

this question. 


COHOILAEI 5.1.5 : E (g) is not a prime ideal in I.(g). 

P ' 

PEOOE : let 1 £p < 2. ijy Proposition 5.1.3 choose a f e g(g) 
such that f i E (g). Then f * f e E^(g)oE (g). If p » 2, 

then by choosing a f e I'Jg-) such that f ^ g(g) it follows that 
E^Cg) is not a prime ideal in I^(g). 

REMAEK 5.1.6 : In view of Remark 2.4.9 and Theorem 3»1«10> it is 
easy to see that results proved in this section are true for Infinite 


compact groups 



5.2 MJITIPLIERS BEWffiM E^Co) iiND E^(g) AIGEBEAS. 

Ijynette in [24j has s-fciidied M(Ep,E^). Althou^ she has 

obtained results for G = T, the circle group, but the following 

results of hejs are valid for any infinite compact abelian group. 

We are giving these results as a pretext for studying multipliers 

between A (g) (l <.p and E (g) algebras, 

P 1 

BROPOSITI® 5.2.1 : let p ll, then 


M(e ) * m(E , E ) = M(E ,C) s m(g) + BI^' 

P P Q. P 

X) ^ 

where Bt doiotes the pseudomeasures on G whose Eourier 
transforms belong to 

PROPOSIII® 5.2.2 : let q < p, then 

* E. 

"P 


(ii) 


E. 


(ill) Mg^(r) = HjCr). 

Proposition 5.2.2 can be improved. The improvement is the following. 


PROPOSITIOT 5.2.3 : Let q ^ P, then 


E 


(ii) ^ j(J) ) and if q 1 , then inclusim is proper. 


E 


Moreover, ^ ,(r) is the largest A (r) space contained in U^iv 

P ^ p 
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E 


(lli) “ '3' 1, 

PSOOP , (i) aoose a fLmc=Uon ♦ el^.Cr) M^(r). 

Then by Theorem 2.4.6 there exists a fuuctlrv, r \ 

‘-•'ion e (y) = + 1 on r 

such that ^ (y) 4 > (y) is not the Pourier-.s4.^- 

'^^sit^es transform of 

any measure on &. However 'f ' (y ) = ^ (y ) (!> (^^ ^ ^ ^ 

E E 


( ii ) It is clear that A , ( I ) <g,Mg‘^(r ) , 


Now to show that this 


inclusicn is proper, we observe that if q 5. . . . ^ 

^ 1 * 'Uxien > D ^ ^ 

P-q 

E 

Then it follows from Theorem *’p,(p) r~Eg'l(r) let 

P 

^ p’l then p > r*. ^ Theorem 3.1.8 chnr^ ^ / «. 

’ ^ °«008e a function f e A (&) 

* P 

such that ft? fi. ,(r). Theorem 2.4.3 then ,• -■ • ^ 

r' ^ implies that there 

a function ♦ c ll^(r) auoh that $ J ^ 

2-4-7 tore exists a fanotico a (V) = 41 j, that a (r ) ♦ (y ) f (t ) 

IS not the JOuxier tnahsfom of a«r continuous function. How it Is 

evident that e (y) <i> (y) = li' (y) is a function in S, (T) but 
E ^ 

^ (r). 

P 

(iii) Hollows from (ii). 


HEMLAEK 5.2.4 : It is easy to see that Jroposi-tion 5.2.3 is true 
for infinite compact groups except the latter assertion in (ii), 
becnause we are not aware whether Theorem 2.4.7 has an analogue for 
Infinite compact groups; for the other argumQi.(.g used in Proposition 
5.2 — 3, see Theorem 3.1-10 and Remai* 2.4.9^ 
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5.3 EESIEICTIOT MD EXTMSIOT OP E (o) TO E (&) MJLPIPIilERS : 

P Q. 

la Chapter 17 we studied the restriction of multipliers of Ap(G-) 
to closed subgroups of r and the corresponding extensicaa 

problem. We showed that if is a subgroup of T , then 

A A 

M. (r) r = M. (^ ) » 1 < Ptb < “. Iti this section we shall 

A V / iQ A ' o' ' 

^ B ^ E 

show that (r^) , 

P o p 

E 

THBOEM 5.3.1 : Let be a subgroup of T . Ehen 

P 


Before proving this theorem we shall prove a lemma. 


TfTM WA 5,3,2 : Let be a subgroup of F and H the annhilator 

of r in G, Then, njE^(G)) = E ((Vh). 

0 P P 

PROOP : It is clear that H is a compact subgroup of G. Now 
I1^(E^(g)) = ng(G(G)nAp(G))cV 0(G))oyAp(G))o c((V^H)nAp(Q/H) 

E (g/H), To prove equality let f’ e E (g/H), Choose f e c(g) 

P ^ 

such that n^(f) = f’. let g = nig * f as in Proposition 3.I.&. 

It is clear that g e C(g) and as in Proposition 3.1.6, g e Ep(G) and 

yg) = f‘- 

PROOP OP THEOREM 5.3.1 : Proof of this theorem is similar to that 
of Corollary 4.3.4 and follows by replacing Ap(G), A^(g) by 
B (g), E (g) and using Lemma 5.3.2. 
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let G be an infinite compact group and H a closed nomal 
subgroup of G, Let [p] be the annihilator of H in E ; then 
the follow jng analogues of Lemma 5.3 -2 and Theorem 5«3»1 are valid 
in this situation. 


PROPOSITIOJ 5.3.3 : 

PEOPOSITICil 5.3.4 : 


TT (E (g)) = E (g/H) 

il p p 

E E 

P ^ ^ P 


5.4 MULTIPLIERS BETWEM L^(g) MD E^(g) : It can be shorn using 

Bumham's result in [3] that M(L ,E ) = {f e I.„(G)|f e t (P) } . 

IQ Q. 

However , without using Burnham^s result we shall give a simple proof 
of this result. 


PROPOSITICN 5.4.1 : M(L.,E ) = {f e L„(g) ! f e . 

PROOF : Let f e Loo(g) such that f e Then the mapping 

T:E (g) E (g) defined by T(g) = f * g is a continuous linear 
* Q 

transfonaation commuting with convolution. Therefore it follows 
that 

{f e L^(G)lf e Jl^(r) ci M(l ,B ) 

Conversely, let T e m(l^,E^) m(l^,A^). Therefore it follows 

from Corollary 4.2.5 that there exists g e such that 

Tf = f * g *^f e L^(g) and there exists a positive constant 


K > 0 such that 
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(5.4.1a) llTfllE = 1 If * g||^ < Kilfll V- f e I (&) ^ 

<1 ■'<1 

How consider the mapping T : (&)-»- j!! as follows : 

T (f) = f * g(o). Then by (5.4. la) T is a bounded linear 

s ^ 

functional on Ii.(g). Hence g a (I.(g)) = I (g) . 

! J » 

It is known [4] that if A(&)(l^p<“) is dual of an 

J? 

L. -module, then m(i^, A ) = A . In fact proof of this result in 
1 * 1 P P 

14] gives the following: If S(6) is dual of an -module, then 
M(i^jS) = S(g). Using this fact we shall show that if G = T, 
the circle group, then e(g) ((J^I) is not dual of an -module. 

COEOIIAEr 5.4.2 I let G « T, the circle group and 1 < q <_2. 

Then E (g) is not dual of an I, -module, 
q 1 

mOOE : Suppose ^ ^ I^-module, Then it will 

follow from. Proposition 5.1.2 that M(I.,E ) == B (g). How from 
Proposition 5.4.1 we have 

(5.4.2a) {f e L (g)| f e £ (r)}= E (g). 

00 4 . ^ 

But (5.4.2a) is falsojus cai be seen from the following. 

Let f be the function on G defined by 

CO 

f(x) = I ~ sin nx . 
n=1 

It is clear that f(n) = ~ 0(l), hence f e 

f e L (g); however, f ^ c(g) because n ^ = 1 does not toad to 

00 

zero, (see [6, p 112]). 
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RMAEK 5.4*5 i Because of Proposition 4. 2.(5 it can be easily seen 
that Proposition 5.4.1 is true for infinite compact groups. 

5.5 MEJLTIPIiIERS BETWHHST A (g) and E (g) s It is eaOT to see 

P <3. 

that if p ^ q, then multipliers from B (g) into A (g) are 

Q. P 

precisely all bounded functions on r . 


PROPOSITIQU 5.5.1 : If p < q, then 




and *pq/q-p^^^ largest space contained in Mg^(r) 

q. 

(ii) ‘’‘2- 


A . 


PROOF : ly Proposition 4.2.8 

it is evident that K^iT) ^ £•„(!). As in Proposition 4.2.9 it 

q 

can be shown that ^pq/(q/p)^^^ largest ^^,(1") space 

A 

contained in (^). 

q 

A 

(ii) ^2p/2 p^^^ ~ ^ follows from (i) and 
Theorem 2.4.8. 

E 

PROPOSITIQfr 5 . 5.2 : let 1 < p < 2, then M,'^(r)=il ,(r) , 

- - P 

E E 

PROOF : It is clear that ,(r) CM, ' (r)<^M ^ (r). Conversely , 


P' 

E 


“A '* " ^ A 
P P 


since (a^(g)) « iijr), m/ ( r)^[a„(r), ijG)3 = A^/r). 


p 
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Equality in last step follows from Theorem 2.4.5. 
EROPOSITIdJ 5.5.5 : P ^ 2, then 


(i) S' ,(r) S 5 :M/(r) ^(L (G)r U > 1 inclusion 

P p 


to te proper) ’ 


E 


JBDOEi &mmm \ ,(r) .T^M/Cr). How to SHOW that thlB 

P P 

It ^ V •< H'HtSk'n i 2 i nl— « 

inclusion is proper we observe that if q, > TJiiea p_q p-i 

iSy Proposition 5.1.3 choose a function f ® ^pq/p-q,^*^^ ^ 

£3. >2) auohttat a t .(r)ithen t Uiexetoxe 

p-q — ' P o 


E 


S' 


, 0 . r Tl ^ fT (g)')* . It is evidait by Theorem 

How we shall show that (I) Up 

P 

2.4.4 that 


(5.5.3a) (r ) ^[lp,(G-), c(g) 3 - (l»p(C^)) • 

P 

» * ^ ic5 ■nrO'D0r (ib.00S6 3r fUIlC*biO!Q 

lo show that inclusion in (5 *5 -5 a; ^ 

, s •. 4.1. 4. -P i/ T ( such a function exists because 
f e A (g) such that f 0 1 
P 

Of tai] . Suppose M/(r) = (ip(®))‘ • B 

P 

« tt ni — t ( bv Iheoren 2«4«4^ 
OTeiy g e ys). mat is, f e [1^,0 ] = “y 

a contradiction. 

WW.W 5.5.4 = It 1. oos. to see that results proved ta this sectlcn 
are valid for Infinite compact groups. me arguments used In proving 
tnese results a« also valid for Infinite compact grcnps. =ee meorern 
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